Abstract. We provide a unified approach to the existence, uniqueness and interior regularity of solutions to the Dirichlet problem of Korevaar and Schoen in the setting of mappings between singular metric spaces. More precisely, under mild conditions on the metric spaces X and Y , we obtain the existence of solutions for the Dirichlet problem of Korevaar and Schoen. When Y has non-positive curvature in the sense of Alexandrov (NPC), solutions are shown to be unique and local Hölder continuous. We further apply a theorem of Sturm to prove a Liouville theorem for harmonic mappings and apply the method of Mayer to show the existence of the harmonic mapping flow and solve the corresponding initial boundary value problem. Finally, we deduce similar results for the Dirichlet problem based on the Kuwae-Shioya energy functional and for the Dirichlet problem based on upper gradients.
Introduction
Given a mapping u : M → N between two smooth Riemannian manifolds, there is a natural concept of energy associated to u. We refer the minimizers, or more generally, the critical points of such energy functional, as harmonic mappings. In the very beginning, the research on harmonic mappings comes together with the theory of minimal surfaces and it gains separate investigation after the work of Bochner [57] . However, the important existence, uniqueness and regularity theory were established relatively late -only after the work of Morrey [53] on the Plateau's problem. The breakthrough in higher dimensional theory of harmonic mappings was made by Eells and Sampson [12] , Hartman [23] and by Hamilton [22] for manifolds with boundary via the heat equation method, where the target manifold N was assumed to be non-positively curved. The regularity theory for general target Riemannian manifold has later been developed by Schoen and Uhlenbeck in a seminal paper [54] ; see also [55, 28, 18, 38] . In the remarkable work of Gromov and Schoen [20] , the authors proposed a variational approach for the theory of harmonic mappings to the setting of mappings into singular metric spaces, along with important applications to rigidity problems for certain discrete groups. Now, consider a mapping u : X → Y , where X = (X, d, µ) is a metric measure space and Y = (Y, d) a metric space. In a fundamental and important paper of Korevaar and Schoen [40] , an energy functional associated to L 2 (X, Y ) mappings was introduced. More precisely, for each ε > 0, one defines an approximating energy functional E ε (u) : C 0 (X) → R on the space of continuous functions with compact support by In case X is a compact C 2 -smooth Riemannian manifold or a relatively compact domain in a C 2 -smooth Riemannian manifold, it was shown that E ε (u) converges weakly, as a positive linear functional on C 0 (X), to some energy functional E(u). Based on this energy functional, which we refer as Korevaar-Schoen energy functional, they have successfully extended the theory of harmonic mappings from C 2 -smooth Riemannian manifolds into metric spaces with non-positive curvature in the sense of Alexandrov (NPC). Independently, Jost introduced in [33] a slightly different energy functional and developed a theory of harmonic mappings associated to that energy functional through a sequential of deep works [33, 34, 35, 36, 37] . Moreover, the existence result of Jost [33] works for mappings defined on more general metric spaces than domains in C 2 -smooth Riemannian manifolds. From now on, if not specified, harmonic mappings refer to the energy minimizers of the Korevaar-Schoen energy functional.
Since then, there has been a considerable amount of growing interest in the theory of harmonic mappings between singular spaces. In particular, in the research monograph of Eells-Fuglede [11] , the authors extended the theory of harmonic mappings to the setting where X is an admissible Riemannian polyhedron. Gregori [19] further extended the existence and uniqueness theory of harmonic mappings to the setting where X is a Lipschitz Riemannian manifold. Capogna and Lin [5] extended part of the harmonic mapping theory to the setting of mappings from Euclidean spaces to the Heisenberg groups. In a series of deep works [63, 64, 65, 66] , Sturm developed a theory of harmonic mappings (associated to a slightly different functional) via a probabilistic theory and the theory of (generalized) Dirichlet forms.
1.1. Existence and uniqueness. There are two general approaches for the existence of harmonic mappings: the first one relies on the uniform convexity of the distance function in NPC spaces (see e.g. [40, 19, 11, 15] ), while the second one relies on the theory of (metric space valued) Sobolev mappings, in particular, the theory of trace, lower semicontinuity of the enery functional with respect to the L 2 -convergence and the (various versions of) Rellich compactness theorem (see e.g. [51, 21] ). In the first approach, a crucial fact one needed is the so-called subpartition lemma, which essentially says that the integral averages one uses to approximate the Sobolev energy satisfy certain monotonicity with respect to the size of the ball on which the average is taken. The advantage of this approach is that we can solve the Dirichlet problem of Korevaar and Schoen for fairly general open subset of the metric measure space X; see for instance [15] . In the second approach, the domain Ω ⊂ X has to be sufficiently nice so that both the theory of trace and certain version of Rellich compactness theorem holds. The advantage of the second approach is that the target metric space Y does not need to NPC, and indeed, can be fairly general, which includes in particular all proper metric spaces, all dual Banach spaces and NPC spaces; see [21] . Of course, one cannot expect uniqueness in such a great generality.
Our first main result of this paper concerns the existence and uniqueness of harmonic mappings into singular metric spaces. Note that both our source domain and the target metric space are fairly general. Theorem 1.1. 1). Let (X, d, µ) be a compact metric space that has properties (B1) and (B3) and Y a metric space that is 1-complemented in some ultra-completion of Y . Fix a domain Ω ⊂ X. Then, for each φ ∈ KS 1,2 (X, Y ), there exists a mapping u ∈ KS 
E(v).
2). Let X = (X, d, µ) be a complete metric space that has property B and Y an NPC space. Fix a relatively compact domain Ω ⊂ X that supports a (1, 2)-Poincaré inequality (3.2). Then, for each φ ∈ KS 1,2 (X, Y ), there exists a unique mapping u ∈ KS 
The definition of metric spaces with property B is given in Section 3.2 below. Many nice spaces have property B, in particular, Lipschitz manifolds considered in [19] , admissible Riemannian polyhedrons considered in [8, 11, 10] , and metric spaces with the strong measure contraction property (SMCP) considered in [62] . As observed in [21, Proposition 2.1], many nice metric spaces are 1-complemented in some ultra-completion of themselves, in particular, proper metric spaces, dual Banach spaces, L 1 -spaces and NPC spaces. Thus Theorem 1.1 provides a unified treatment for the existence and uniqueness theory of harmonic mappings in the singular setting.
The idea of the proof of Theorem 1.1 1) relies on that used in [21, Proof of Theorem 1.4]. The main difference with the proof there is that we do not have the notion of the trace of a metric-valued mapping (as Ω is a domain in a metric space). Instead, we (essentially) require that the admissible mappings are defined on a (relatively compact) neighborhood of the domain Ω and coincide with a given boundary value. This has the advantage that we can solve the Dirichlet problem for fairly general domains. The general idea of the proof of Theorem 1.1 2) is similar to [40, Proof of Theorem 2.2], but relies on the theory of metric-valued Sobolev spaces developed in [26] . In particular, we provide a new and concrete proof of [15, Theorem 1 (a)] in a greater generality.
1.2.
Interior regularity. In their fundamental work [40] , Korevaar and Schoen has shown that harmonic mappings from a C 2 -smooth Riemannian manifold to an NPC space is locally Lipschitz continuous, which plays an important role in establishing rigidity theorems of geometric group theory (see e.g. [20, 9] ). Since then, there has been a lot of effort in establishing interior regularity of harmonic mappings in the singular space setting; see for instance [8, 60, 34, 36, 14, 15, 16, 31, 9, 69, 29, 30, 70, 51] and the references therein. It should be noticed that one cannot expect local Lipschitz continuity holds in general singular metric spaces. Indeed, Chen [8] constructed a harmonic function on a two-dimensional metric cone X such that u is not Lipschitz continuous if X has no lower curvature bound. Nevertheless, harmonic functions constructed there do satisfy the local Hölder continuity, which is valid for all harmonic mappings from admissible Riemannian polyhedrons to NPC spaces (see e.g. [8, 11] ). In [48] , Lin proposed a very elegant approach to obtain Hölder continuity of harmonic mappings between singular spaces. In particular, Lin's method implies that harmonic mappings from Alexandrov spaces with curvature bounded from below to locally doubling NPC spaces are local Hölder continuous, provided that the composition of the distance function with the harmonic mapping is subharmonic. As observed in [69] , the latter requirement holds for harmonic mappings from Alexandrov spaces with curvature bounded from below to NPC spaces via an argument due to Jost [36] . Note that in the work of Jost [36] , a fairly general interior Hölder regularity result for harmonic mappings (associated to the Jost's energy functional) was established. On the other hand, as pointed out in [44] , the approach of Jost [36] relies on a theory of generalized Dirichlet forms for metric space valued mappings, which is in general hard to verify since the classical method of Beurling and Deny (see e.g. [17] ) fails in constructing energy measures for metric-space valued mappings. However, the essential ingredients in Jost's regularity result are volume doubling property and (2,2)-Poincaré inequality for the intrinsic metric space (induced by the Dirichlet form) and hence it can be extended to rather general setting.
Our second main purpose of this paper is to establish interior Hölder regularity of Korevaar-Schoen harmonic mappings in a large class of singular metric spaces. Our second main result reads as follows. The definition of metric spaces with strong property C is given in Section 4.2 below. It includes many nice spaces, in particular, Lipschitz manifolds considered in [19] , admissible Riemannian polyhedrons considered in [8, 11, 10] , and metric spaces with the strong measure contraction property (SMCP) considered in [62] .
The proof of Theorem 1.2 1) is a combination of the approach of Jost [36] and Lin [48] . More precisely, we first follow the idea of Jost to show that for each point y 0 ∈ Y , the function f y 0 := d 2 (u(·), y 0 ) is (weakly) subharmonic in the sense of [3] (in terms of Dirichlet forms), and then adapt the argument of Lin [48] to prove the local Hölder regularity. We would like to point out that the argument of Lin [48] is elegant and beautiful, but it requires the target space to be (locally) doubling. Thus it cannot be applied in general NPC targets.
The proof of Theorem 1.2 2) follows closely the approach of Jost [36] . The essential difference with [36] is that we work directly on the Dirichlet forms for functions, instead of the generalized Dirichlet forms for mappings as in [36] , whereas the well-known regularity theory of sub/super solutions associated to Dirichlet forms developed in [3] can be applied.
We did not address the interior regularity for the case when Y is a CAT(1) space in this paper. It is worth pointing out that in this more general case similar interior regularity results have been obtained when X is an admissible Riemannian polyhedron in [14, 16] or when X is an Alexandrov space with curvature bounded from below in [30] .
1.3. Liouville theorem. Liouville type theorems for harmonic mappings between complete smooth Riemannian manifolds have been investigated by many authors including geometers and probabilists. In particular, Eells-Sampson [12] proved that any bounded harmonic mapping from a compact Riemannian manifold with positive Ricci curvature into a complete manifold with non-positive curvature is constant. Schoen and Yau [56] proved that any harmonic mapping with finite energy from a complete smooth Riemannian manifolds with non-negative Ricci curvature into a complete manifold with non-positive curvature is constant. Cheng [6] showed any harmonic mapping with sublinear growth from a complete Riemannian manifold with non-negative Ricci curvature into an Hadamard manifold is constant. Hildebrandt-Jost-Widman [27] proved a Liouville type theorem for harmonic mappings into regular geodesic balls in a complete smooth Riemannian manifold. For a detailed description of other types of Liouville type theorems for harmonic mappings; see [47] .
For the statement of our Liouville theorem for harmonic mappings, we set for u :
loc (X, Y ) be a harmonic mapping such that for some x, x 0 ∈ X and p > 1,
Then u is constant.
The proof of Theorem 1.3 relies on the Liouville type theorem for weakly subharmonic functions. Originally, Yau [68] has shown that there is no-constant smooth non-negative L p -integrable, p > 1, subharmonic functions on a complete smooth Riemannian manifold. Sturm [61] extended this result to the setting of Dirichlet forms under the sharper condition (1.1). In our setting, Theorem 1.3 is a direct application of this Liouville theorem for weakly subharmonic functions. More precisely, we shall show that v = d(u(·), u(x 0 )) is a weakly subharmonic function (in the sense of Sturm [61] ) on X and so by [61, Theorem 1] , v is constant. Consequently, u = u(x 0 ) is constant. has been interpreted as a variational formulation:
The existence and uniqueness of u(t+h) were obtained under mild structural assumptions on G; see [19, Theorem 1.13 ].
In our setting, it is not difficult to show that L = L 2 (X, Y ) is NPC when X is complete and Y is NPC (see Lemma 6.1). On the other hand, when X has property B, u → E(u) is a lower semicontinuous convex functional. Thus as an immediate corollary of [52, Theorem 1.13], we obtain the following result. Theorem 1.4 (Existence and boundedness of gradient flow of the Dirichlet Energy). Assume X has property B and Y is NPC. For any starting point u 0 ∈ KS 1,2 (X, Y ) the gradient flow of the Korevaar-Schoen energy exists and u t ∈ KS 1,2 (X, Y ) for each t ≥ 0. Moreover, if X has finite µ-measure, then the gradient flow stays bounded for all times.
As an immediate corollary of Theorem 1.4 and the Rellich compactness theorem for Sobolev mappings, we obtain the following corollary. Corollary 1.5. In the setting of Theorem 1.4, if X is compact and Y is proper, then the flow u t converges to a constant mapping as t → ∞.
As an easy consequence of our proof of Theorem 1.1, we can show that the Sobolev space KS Moreover, if Ω is relatively compact in X, thenû = lim t→∞ u(t) exists and is the unique harmonic mapping solving the Dirichlet problem of Korevaar and Schoen with boundary data φ.
1.5.
Dirichlet problem associated to other energy functionals. In literature, there has been also other constructions of energy functional. For instance, Kuwae and Shioya [46] constructed an energy functional which slightly differs from the Korevaar-Schoen energy functional and also differs from that of Jost [33] and Sturm [62] . When the source metric measure space space X satisfies the strong measure contraction property of BishopGromov type (SMCPBG), a theory of Sobolev space of mappings u : X → Y has been developed. The notion of SMCPBG is given in Section 2.4 below. Riemannian manifolds and Alexandrov spaces with curvature bounded from below are typical examples of metric measure spaces that posse the SMCPBG. Relying on the theory of Sobolev spaces developed there and also the theory of Newtonnian Sobolev spaces developed in [26] , we can directly verify that the energy functional of Kuwae and Shioya satisfies property B and strong property C. Consequently, we obtain the following existence, uniqueness and local Hölder continuity of solutions for the Dirichlet problem of Kuwae and Shioya. Theorem 1.7. 1). Let (X, d, µ) be a compact metric space satisfying the SMCPBG and Y a metric space that is 1-complemented in some ultra-completion of Y . Fix a domain Ω ⊂ X. Then, for each φ ∈ W 1,2 (X, Y ), there exists a mapping u ∈ W 1,2
2). Let X be a complete metric measure space satisfying the SMCPBG and Y an NPC space. Let Ω ⊂ X be a relatively compact domain that supports the (1,2)-Poincaré inequality (3.2). Then for each φ ∈ W 1,2 (X, Y ), there exists a unique mapping u ∈ W 1,2
Moreover, u is locally Hölder continuous and the exact form of Liouville theorem 1.3 remains valid for u under the same assumption.
Parallel to the theory of harmonic mappings, great effort has been made to extend the existence, uniqueness and regularity theory of harmonic functions, that is harmonic mappings into the real line Y = R, to the abstract metric measure space setting; see for instance [7, 59, 39, 43, 24, 32, 4] and the references therein. Unlike the case of mappings, one usually uses the L 2 -norm of the upper gradients as the energy functional. Since the notion of upper gradients works also for mappings, it is natural to consider the Dirichlet problem associated to the energy functional of upper gradients. As a by-product of our general method of the proof of Theorem 1.1 1), we obtain the following existence result for the Dirichlet problem based on upper gradients. Theorem 1.8. Let (X, d, µ) be a compact PI space and Y a metric space that is 1-complemented in some ultra-completion of Y . Fix a domain Ω ⊂ X. Then, for each
Recall that we say a metric measure space X = (X, d, µ) a PI-space, if the measure µ is doubling on X, i.e., there exists a constant c d > 0 such that
for all open balls B(x, r) ⊂ X with diam B ≤ diam X and it supports a weak (1,2)-Poincaré inequality (2.5). Theorem 1.8 can be regarded as a natural extension of [59, Theorem 5.6 ] to the setting of mappings. Note however that the proof of Theorem 5.6 in [59] would not work in this case since N 1,2 (X, Y ) is not a linear (Banach) space for general metric target.
Note that in a recent remarkable work of Zhang and Zhu [69] (see also [70] ), harmonic mappings (associated to the Korevaar-Schoen energy functional) were shown to be locally Lipschitz continuous, when the source metric measure space is an Alexandrov space with curvature bounded from below and the target metric space is NPC. This and the corresponding result for harmonic functions [32] seem to suggest that Korevaar-Schoen harmonic mappings may be locally Lipschitz continuous, if the metric measure space X has a "Ricci curvature" bounded from below. On the other hand, the notion of a lower bound on the Ricci curvature for general metric measure spaces has been introduced by Lott-Villani-Sturm [49, 67] and even a Riemannian Ricci lower bound, the so-called RCD * (K, N) spaces, was introduced in [1, 13, 2] . Thus it would be very interesting to know whether one can further extend the work of Zhang and Zhu to the RCD * (K, N) spaces; see [70, Problem 4.6] for more detailed discussions.
In the current paper, we did not address the boundary regularity of harmonic mappings (see e.g. [41, 15, 10] ), nor the equi-variant harmonic mapping theory (see e.g. [33, 46] ), nor the p-harmonic mapping theory (see e.g. [51, 21, 59] ). We will address these topics in our following-up works.
1.6. Sturcture of the paper. This paper is structured as follows. In section 2, we recall the necessary definitions needed for this paper, mainly, the definition of Sobolev spaces of metric-valued mappings. In section 3, we prove the existence and uniqueness theorem. In section 4, we show the interior Hölder continuity of harmonic mappings. In section 5, we prove the Liouville theorem for harmonic mappings. We study the associated harmonic mapping flow in Section 6. In the final section, Section 7, we study the Dirichlet problem associated to other energy functionals, in particular, the energy functional of Kuwae and Shioya and the energy functional based on upper gradients.
Preliminaries
2.1. Korevaar-Schoen Sobolev spaces. For each ε > 0, we define an approximating energy E ε (u) :
is the Korevaar-Schoen energy of u.
2.2.
Sobolev spaces based on upper gradients. Let X = (X, d, µ) be a metric measure space. Let Γ a family of curves in X. A Borel function ρ : X → [0, ∞] is admissible for Γ if for every locally rectifiable curves γ ∈ Γ,
The 2-modulus of Γ is defined as
A family of curves is called 2-exceptional if it has 2-modulus zero. We say that a property of curves holds for 2-almost every curve if the collection of curves for which the property fails to hold is 2-exceptional. Let X = (X, d, µ) be a metric measure space and Z = (Z, d Z ) be a metric space. A Borel function g : X → [0, ∞] is called an upper gradient for a map u : X → Z if for every rectifiable curve γ : [a, b] → X, we have the inequality
If inequality (2.3) holds for 2-almost every curve, then g is called a 2-weak upper gradient for u. The concept of upper gradient was first introduced in [25] and then functions with 2-integrable upper gradients were studied in [42] . Later, the theory of real-valued Sobolev spaces based on upper gradients was explored in-depth in [58] .
A 2-weak upper gradient g of u is minimal if for every 2-weak upper gradientg of u, g ≥ g µ-almost everywhere. If u has an upper gradient in L 2 loc (X), then u has a unique (up to sets of µ-measure zero) minimal 2-weak upper gradient. We denote the minimal upper gradient by g u .
Definition 2.2 (Sobolev capacity)
. The 2-capacity of a set E ⊂ X is defined to be the (possibly infinite) number
where the infimum is taken over all functions u ∈ N 1,p (X) such that u ≥ 1 outside a 2-exceptional set of measure zero.
Let u, v : X → Y be two mappings. We say that u = v quasi-everywhere or q.e. in X if Cap 2 ({x ∈ X : u(x) = v(x)}) = 0.
We say that a metric measure space X = (X, d, µ) supports a weak (1,2)-Poincaré inequality if there exist constants C ≥ 1 and τ ≥ 1 such that
for all open balls B in X, for every function u : X → R that is integrable on balls and for every upper gradient g of u in X. The definition of Newtonnian Sobolev spaces N 1,2 (X, Y ) can be found in [26] and we do not recall it here. The following result shows the connection between KS 1,2 (X, Y ) and 
where the constant C depends only on the doubling constant of µ. If in addition X supports a weak (1, 2)-Poincaré inequality, then each u ∈ N 1,2 (X, Y ) belongs to KS 1,2 (X.Y ).
2.3.
Metric spaces of non-positive curvature.
Definition 2.4 (NPC spaces).
A complete metric space (X, d) (possibly infinite dimensional) is said to be non-positively curved (NPC) if the following two conditions are satified:
• (X, d) is a length space, that is, for any two points P, Q in X, the distance d(P, Q) is realized as the length of a rectifiable curve connecting P to Q. (We call such distance-realizing curves geodesics.) • For any three points P, Q, R in X and choices of geodesics γ P Q (of length r), γ QR (of length p), and γ RP (of length q) connecting the respective points, the following comparison property is to hold: For any 0 < λ < 1, write Q λ for the point on γ QR which is a fraction λ of the distance from Q to R. That is,
On the (possibly degenerate) Euclidean triangle of side lengths p, q, r and opposite verticesP ,Q,R, there is a corresponding point
The NPC hypothesis is that the metric distance d(P, Q λ ) (from Q λ to the opposite vertex P ) is bounded above by the Euclidean distance |P −Q λ |. This inequality can be written precisely as
In an NPC space Y , geodesics connecting each pair of points are unique and so one can define the t-fraction mapping u t of two mapping u 0 , u 1 : X → Y as u t = "(1 − t)u 0 + tu 1 ", that is, for each x, u t (x) is the unique point P on the geodesic connecting u 0 (x) and
. We refer the interested readers to [40, Section 2.1] or [37] for more discussions on NPC spaces.
2.4.
Strong measure contraction properties. The following notion of measure contraction property was introduced by Sturm [62] . Definition 2.5 (Weak measure contraction property). We say that a metric measure space (X, d, µ) satisfies the weak measure contraction property (WMCP) if there exist numbers R > 0, θ < ∞ and λ < ∞ and µ 2 -measurable maps Φ t : X × X → X with the following properties:
(1) For µ-a.e. x 1 , x 2 ∈ X with d(x 1 , x 2 ) < R and all s, t ∈ [0, 1],
6)
and
(2) For all ε < R, µ-a.e. x ∈ X, all µ-measurable set A ⊂ B(x, r) and all t ∈ [0, 1],
8)
and dµ ε (y) =
. Definition 2.6 (SMCP). We say that a metric measure space (X, d, µ) posses the strong measure contraction property (SMCP) if it satisfies the WMCP and the constants Θ and θ appearing in Definition 2.5 can be chosen to be arbitrarily close to 1.
Many interesting metric spaces satisfies SMCP. In particular, C 2 -smooth Riemannian n-manifolds; see [62, Section 4] for more examples. 
ii). For all positive r < R, µ-a.e. x ∈ X, all µ-measurable set A ⊂ B(x, r) and all
iii). For all positive r < R, µ-a.e. x ∈ X, µ(B(x, r)) ≤ θb(r).
Definition 2.8 (SMCPBG).
We say that a metric measure space (X, d, µ) posses the strong measure contraction property of Bishop-Gromov type (SMCPBG) if it satisfies the WMCPBG and the constants Θ and θ appearing in Definition 2.7 can be chosen to be arbitrarily close to 1.
Example 2.9. The following spaces satisfy the SMCPBG property.
) satisfies SMCPBG with b(r) = ω n−1 r n /n. 2). Let X be an n-dimensional Alexandrov space with curvature bounded from below by some κ ∈ R. Then X has the SMCPBG with µ = H n and b(r) = ω n−1 r n /n.
More interesting examples can be found in [62, Section 4].
2.5. Ultra-completions of metric spaces. We briefly recall the relevant definitions concerning ultra-completions and ultra-limits of metric spaces. A non-principal ultrafilter on N is a finitely additive probability measure ω on N such that every subset of N is measurable and such that ω(A) equals 0 or 1 for all A ⊂ N and ω(A) = 0 whenever A is finite. Given a compact Hausdorff topological space (Z, τ ) and a sequence {z m } ⊂ Z there exists a unique point z ∞ ∈ Z such that ω({m ∈ N : z m ∈ U}) = 1 for every U ∋ τ containing z ∞ . We denote the point z ∞ by lim ω z m .
Let 
The ultra-completion Y ω of Y is a complete metric space, even if X itself is not complete.
Following [21] , a metric space Y is said to be 1-complemented in some metric space Z if Y isometrically embeds into Z and if there exists a 1-Lipschitz retraction from Z to Y . By [21, Proposition 2.1], the class of metric spaces Y which is 1-complemented in every ultra-completion of Y includes proper metric spaces, NPC spaces, dual Banach spaces and injective metric spaces. 
Recall that the space N 1,2 0 (Ω) consists of functions u ∈ N 1,2 (X) such that u = 0 quasieverywhere in X\Ω. We may equivalently characterize mappings in KS
We say that a domain Ω ⊂ X supports a (1,2)-Poincaré inequality if there exits a constant C Ω > 0 such that
for all functions v ∈ N for each open ball B(x, r) ⊂ K with r < R K /2. Moreover, X supports a the following local (1, 2)-Poincaré inequality, for each compact set K ⊂ X, there exist C K > 0 and λ K ≥ 1 such that,
for all open balls B in K with λ k B ⊂ K, for every function u : X → R that is integrable on balls and for every upper gradient g of u in X. (B2): For each metric space Y , for each u ∈ KS 1,2 (X, Y ) and for each f ∈ C 0 (X), the pointwise limit E(u)(f ) = lim ε→0 E ε (u)(f ) exists. (B3): The energy functional E is lower semicontinuous with respect to the
, where u i and u belong to
We next point out that Lipschitz manifolds considered in [19] , admissible Riemannian polyhedrons considered in [8, 11, 10] and metric spaces with the SMCP considered in [62] have property B. 3). Poperty (B1) is immediate as being a PI-space. Property (B2) is a direct consequence of [19 Generalized Rellich compactness) . Let X be a compact PI-space that satisfies property (B3) and let {u m } ⊂ KS 1,2 (X, Y ) be a sequence such that
for some y 0 ∈ Y . Then after possibly passing to a subsequence, there exist a complete metric space Z, isometric embeddings ϕ k : Y → Z, and
Remark 3.4. Note that in [21, Theorem 3.1], X is assumed to be a bounded Lipschitz domain in R n . However, this assumption was only used to ensure that each u ∈ KS 1,2 (X, Y ) has a µ-representativeû that satisfies the pointwise inequality
for some h ∈ L 2 (X). In our setting, this fact is well-known (see e.g. 
We may apply Theorem 3.3 to find, after possibly passing to a subsequence, a complete metric space
After passing to a further subsequence, we may assume that v m converges almost everywhere on X. Let N ⊂ X be a set of µ-measure zero such that v k (z) → v(z) for all z ∈ X\N.
By our assumption on Y , there exists an ultra-completion Y ω on Y such that Y admits a 1-Lipschitz retraction P : Y ω → Y . Define a subset of Z by B := {v(z) : z ∈ X\N}. The map ψ : B → Y ω , given by ψ(v(z)) = [(u k (z))] when z ∈ X\N is well-defined and isometric by [21, Lemma 2.2] . Since Y ω is complete, there exists a unique extension of ψ to B, which we denote again by ψ. After possibly redefining the map v on N, we may assume that v has image in B and hence v is an element of KS 1,2 (X, B). Now, we define a mapping by u := P • ψ • v and then u belongs to KS 1,2 (X, Y ) and satisfies
by the lower semicontinuity of the energy (since X satisfies property (B3)). 
We only need to show that a µ-representative of u equals φ quasi-everywhere in X\Ω, or equivalently, for each compact set K ⊂ X, u = φ q.e. in K. Thus we may assume without loss of generality that X is a complete PI space. By embedding Y isometrically into l ∞ (Y ) if necessary, we may further assume that Y is (isometrically) contained in a Banach space.
Note that Theorem 2.3 implies that g u k is bounded in L 2 (X). Taking a further subsequence if necessary, we may assume that g u k ⇀ g weakly in L 2 (X). By Mazur's lemma (see e.g. [26, Section 2.3]), a convex combinationĝ i = N i k=i a ki g u k of g u k converges to g strongly in L 2 (X). Consequently, the sequenceû i = N i k=i a ki u k converges to u in L 2 (X, Y ) withĝ i being a 2-weak upper gradient ofû i . Then [26, Proposition 7.3.7] implies that u has a µ-representative in N 1,2 (X, Y ) with each Borel representative of g as a 2-weak upper gradient. Moreover, a subsequence ofû i converges pointwise to this representative of u outside a set of 2-capacity zero. Note that in X\Ω, u i = φ quasi-everywhere and so isû i . This implies that this µ-representative of u coincides with φ quasi-everywhere in X\Ω. In particular, u ∈ KS 1,2
Proof of Theorem 1.1 2). We will follow the approach of [40] to show the existence and uniqueness of energy minimizers.
Uniqueness: For two mappings u, v ∈ KS 1,2 (X, Y ), we denote by w the middle point mapping of u and v. More precisely, for each x ∈ X, we set w(x) to be the middle point of the geodesic connection u(x) and v(x). Note that d(u, v) ∈ KS 1,2 (X). We next show that w ∈ KS 1,2 (X, Y ). For x, y ∈ X, by [40, Equation (2.2iii)],
Integrating and averaging (3.6) on the ball B(x, ε) with respect to y; and then multiplying by f (x), where f ≥ 0 and f ∈ C 0 (Ω), then integrating with respect to x and sending ε to zero, we deduce from Property (B2) that
or equivalently,
from which we infer w ∈ KS 1,2 (X, Y ). Suppose u and v are two solutions of the Dirichlet problem. Then the middle point mapping w of u and v belongs to KS 1,2 φ (Ω, Y ) since w = φ quasi-everywhere in X\Ω. It follows that E(w) ≥ E(u) = E(v). By (3.7), we infer that E(h) = 0, where h = d(u, v), and so for each relatively compact domain K of X that contains Ω, we have by property (B1) and Theorem 2.3 that
Since h = 0 quasi-everywhere on X\Ω, h = 0 quasi-everywhere on X\K as well and so g h = 0 µ-a.e. on X\K. We thus conclude that
In particular, g h = 0 µ-a.e. in X. Since X is locally a PI-space, we conclude that h = c for some constant c ∈ R µ-a.e. in X. Since h = 0 quasi-everywhere in X\Ω, we conclude that c = 0. Consequently, u = v µ-a.e. in X. This shows the uniqueness of solutions for the Dirichlet problem.
Existence: Let {u i } be an energy minimizing sequence for the Dirichlet problem, i.e.,
0 (Ω) and the middle point mapping w ij of u i and u j belongs to KS 1,2
By (3.7), this implies that
Note that g u ij = 0 in X\Ω, since u ij = 0 quasi-everywhere in X\Ω.
Since Ω supports the weak (1, 2)-Poincaré inequality (3.2), we infer that u ij → 0 in L 2 (Ω) and so also in L 2 (X, Y ) as i, j → ∞, and hence {u i } has a limit u in the complete metric space L 2 (X, Y ). By the lower semicontinuity of the energy functional,
φ (X, Y ) and so u is the required energy minimizer.
Remark 3.6. 1). The proof of Theorem 1.1 2) above implies that the requirement that Ω supports a (1, 2)-Poincaré inequality can be dropped if in additional X supports a (1, 2)-Poincaré inequality, i.e., there exists a constant C X > 0 such that
for all v ∈ N 1,2 0 (Ω). 2). We can modify the proof of Theorem 1.1 2), similar as that in [15, Proof of Theorem 2 (a)], so that it works for Y being a complete metric space with curvature bounded from above (the so-called CAT(k)-spaces). But then one has to consider mappings into a closed geodesic ball B in Y with radius R <
Hölder Regularity of harmonic mappings
In this section, we study the interior regularity of solutions for the Dirichlet problem of Korevaar-Schoen, for which, we term harmonic mappings. We shall prove that harmonic mappings are locally Hölder continuous, provided the metric space X attains certain analytic property and Y is NPC. The proof of Theorem 1.2 1) is based on a combination of the arguments of Jost [36] and Lin [48] , while the proof of Theorem 1.2 2) follows closely the approach of Jost [36] .
We will need the theory of Dirichlet forms on Hilbert spaces to separate a class of metric spaces, which we name them as metric spaces with property C.
Dirichlet forms.
Recall that a Dirichlet form E on L 2 (X, µ) is a closed nonnegative definite and symmetric bilinear form defined on a dense linear subspace
, that satisfies the Markovian property
where v = min{1, max{u, 0}}. A Dirichlet form E on L 2 (X, µ) is said to be strongly local if E(u, v) = 0 whenever u, v ∈ D with u a constant on a neighborhood of the support of v; to be regular if there exists a subset of D ∩ C 0 (X) which is both dense in C 0 (X) with the uniform norm and in D with the graph norm
By the construction of Beurling and Deny [17] , each regular strongly local Dirichlet form E on L 2 (X, µ) can be written as
where Γ is an M(X)-valued nonnegative definite and symmetric bilinear form defined by the formula
We call Γ(u, v) the Dirichlet energy measure (squared gradient) and dΓ(u,u) dµ (x) the length of the gradient of u at x. For a strongly local Dirichlet form E, its energy measure Γ is local and satisfies the Leibniz rule and the chain rule. Both E(u, v) and Γ(u, v) can be defined for u, v ∈ D loc (X), the collection of all u ∈ L 2 loc (X) satisfying that for each relatively compact set K ⊂ X, there exists a function w ∈ D such that u = w almost everywhere on K. With this, the intrinsic distance on X associated to E is defined by
Here Γ(u, u) ≤ µ means that Γ(u, u) is absolutely continuous with respect to µ and dΓ(u,u) dµ ≤ 1 almost everywhere. Given a Dirichlet form E on the Hilbert space L 2 (X, µ), there exists a unique selfadjoint operator A on L 2 (X, µ) with the properties D = D(A 1/2 ) and
for all u ∈ D and v ∈ D(A).
4.2.
Metric spaces with Property C. For each u ∈ Lip 0 (X), the space of Lipschitz functions on X with compact support, we write
We say that a metric space X has property C if the following conditions are satisfied:
(C1): The pointwise limit E 0 = lim ε→0 E ε exists and induces a regular strongly local Dirichlet forms E 0 on L 2 (X, µ) via the formula
Moreover, the intrinsic distance d 0 := d E 0 associated to E 0 is locally bi-Lipschitz equivalent with the original distance d on X. In particular, it induces the same topology as the underlying topology on X. (C2): Equip with the intrinsic metric, the space (X, d 0 , µ) becomes a complete locally PI space. That is µ is a locally doubling measure on (X, d 0 ):
and that (X, d 0 , µ) supports a local weak (2, 2)-Poincaré inequality: for each compact set K ⊂ (X, d 0 ), there exist C K > 0 and λ K ≥ 1 such that for each ball
where Γ 0 is the Dirichlet energy measure corresponding to the Dirichlet form E 0 .
Remark 4.1. Note that if X has property C, then it is well-known that D(E
Lemma 4.2. Assume X has property C. Then for each u, v ∈ D(E 0 ) and ϕ ∈ Lip 0 (X), we have
(4.5)
Proof. We first show that for each u ∈ D(E 0 ) and ϕ ∈ Lip 0 (X),
or more precisely,
Indeed, by (4.2) and property (C1), we have
Note that
The claim follows from (4.6) together with the identity
For each u : X → Y and each ε > 0, we define
We say that X has strong property C if X has property C and if for each NPC space Y and each u ∈ KS 1,2 (X, Y ), there exists an energy measure µ u such that e ε (u)dµ ⇀ µ u weakly, that is, for each positive function η ∈ C 0 (X),
(4.7)
In particular, if X has strong property C, then we have E(u)(f ) = X f dµ u (x) for each u ∈ KS 1,2 (X, Y ) and each f ∈ C 0 (X).
Lemma 4.3. Assume X has strong property C. Then for each u ∈ KS 1,2 (X, Y ), each compact set K ⊂ (X, d 0 ) with λ K B ⊂ K, the following Poincaré inequality holds:
Proof. Since X has property C, by [45, Lemma 2.4 and Theorem 2.2], for each v ∈ KS 1,2 (X), we have the following (2,2)-Poincaré inequality,
It is well-know that the previous inequality implies that for each u ∈ KS 1,2 (X, V ), where 
Consequently, for each u ∈ KS 1,2 (X, V ), we have
By embedding Y isometrically into some Banach space V (e.g.
Lemma 4.4. If X has strong property C, then for each u ∈ KS 1,2 (X, Y ), µ u is absolutely continuous with respect to µ.
Proof. Fix a relatively compact domain K in X. Suppose µ is uniformly doubling on balls with radius less than r 0 . It suffices to show that there exists a constant C (depending only on the local uniform doubling constant of µ on K and on K) such that for each B(x 0 , r) ⊂ K, r ≤ r 0 ,
(4.8)
Note that (4.8) is isometrically invariant. Indeed, by the proof of Theorem 4.1 in [46] , the measure µ u remains un-changed if we isometrically embeds Y to a Banach space (since the definition of energy is isometrically invariant). The same is true for the right-hand side of (4.8). Thus we may assume that Y is isometrically contained in a Banach space with norm · . Since lim
It suffices to give a uniform bound (independent of ε) on B(x 0 ,r) e ε (u)(x)dµ(x) in terms of the right-hand side of (4.8).
Let g u be the minimal 2-weak upper gradient of u. Then by the proof of Theorem 10.4.5 in [26] (apply it with X = B(x 0 , r) there), for ε > 0 (and less than r/2)
where C depends only on the doubling constant of µ and the constant associated to the Poincaré inequality on K. Consequently,
from which (4.8) follows.
In particular, if X is uniformly locally doubling and supports a local uniform (1, 2)-Poincaré inequality. Then we would have
, where C depends only on the associated data.
Example 4.5. The follows metric measure spaces have strong property C. 1). X is an admissible Riemannian polyhedron.
2). X satisfies the SMCP. 3). The first assertion in property (C1) follows from the subpartition lemma [19, Lemma 3] and the proof of Corollary 5.5 in [62] or alternatively, the proof of Theorem 3.1 in [46] . Property (C2) is clear as being a Lipschitz manifold.
The second claim in property (C1) follows by a minor modification of the proofs of Proposition 6.6 and Proposition 6.7 in [62] , where one uses the local doubling property of the measure, the local weak (2,2)-Poincaré inequality and [19, Theorem 1] . Alternatively, one can follow the exact proof of Lemma 7.5 below.
That e ε (u) ⇀ e(u) follows from [11, Theorem 1].
Proof of Theorem 1.2 1).
We first show that the composition of the distance function with a harmonic mapping is subharmonic in the sense of [36, 3] . The proof is similar to that of Lemma 5 in [36] ; see also [11, Proof of Lemma 10.2].
Proposition 4.6. If u : X → Y is harmonic, then for each y 0 ∈ Y and each relatively compact set U ⊂ X, the function f y 0 := d 2 (u(·), y 0 ) : X → R is weakly subharmonic on U, i.e., for each positive Lipschitz function λ : X → R with supp(λ) ⊂ U,
Moreover, if X has strong property C, then
Then u λ = u outside U. We next compare the energy of u with that of u λ .
Now we have by (4.9)
Multiply by η ∈ C 0 (X), 0 ≤ η ≤ 1, on both side and integrate with respect to x, we get
Since u is energy minimizing, the left-hand side of the above inequality is non-negative if we take lim sup ε→0 . Thus we infer that for ε sufficiently small
where o(ε) is a positive function in ε that tends to 0 as ε → 0. In the above inequality, replace λ by tλ with t = o(ε) 1/2 , divide by t on both sides and then let ε → 0, we obtain
Together with Lemma 4.2, we deduce that
In particular, we have (λ, Af y 0 ) ≥ 0 for all positive Lipschitz function λ with supp(λ) ⊂ U. If X has strong property C, then we get from the previous inequality that
We next point out that as in the setting of Riemannian manifolds, subharmonic functions are locally bounded. 
The claim follows by applying triangle inequality for the term on the right-hand side of (4.10) (with p = 2) together with the weak (2,2)-Poincaré inequality.
Our proof of interior Hölder regularity follows the general approach of Lin [48, Proof of Theorem 3.1]. For this, we need the following key covering type lemma, which generalizes [48, Lemma 3.5] via a similar idea to the current setting.
From now on (till the end of this section), we assume that X has property C and Y is a locally doubling NPC space. Recall that a metric space Y is doubling with constant M, M ∈ N, if for each ball B(x, r), every r/2-separated subset of B(x, r) has at most M points. Y is locally doubling if each compact subset K of Y is doubling with some constant C K .
Lemma 4.8. Let u : X → Y be given as in Proposition 4.6. We further assume that µ is doubling on X with constant c d , X supports a weak (2, 2)-Poincaré inequality with constant C P and Y is M-doubling. Suppose κ = diam u(B(x 0 , r)) ∈ [κ 1 , κ 0 ]. There exists some ε 0 > 0, depending only on κ 0 , κ 1 and c d , C P and M such that if u(B(x 0 , r)) is covered by k balls B 1 , . . . , B k of radius ε ≤ ε 0 , then u(B(x 0 , r/2)) can be covered by at most k − 1 balls among B 1 , . . . , B k .
Proof. For i = 1, 2, . . . , k, we take x i ∈ B(x 0 , r) such that B i ⊂ B(p i , 2ε), where p i = u(x i ). Since ε ≤ ε 0 ≤ κ/16, the balls B(p i , κ/8) covers u(B(x 0 , r)). Since u(B(x 0 , r)) has diameter κ, every p i belongs to a closed ball B ′ of radius κ in Y .
Let k ′ be the maximal number of points in the ball such that the distance is at least κ/8 apart. Since Y is doubling, k ′ ≤ C Y for some constant C Y depending only on the doubling constant M of Y . Thus, we may assume that B(p i , κ/4), i = 1, 2, . . . , k ′ covers u(B(x 0 , r)). It follows that for at least one of those p i , say for p 1 ,
By the triangle inequality, and since diam u(B(x 0 , r)) = κ, there exists somex ∈ B(x 0 , r) with f p 1 (x) ≥ κ/2, and so τ ≥ . Since the function h(x) := τ −f p 1 (x) ≥ 0 on B(x 0 , r) and h(x) ≥ 1 8 on u −1 B(p 1 , κ/4) . Since f p 1 is weakly subharmonic, h is weakly supharmonic and so by [36, Lemma 6] ,
We next claim that for sufficiently small ε, we cannot have u(B(x 0 , r)) ∩ B(p i , 2ε) = ∅ for all i = 1, . . . , k. Indeed, letx ∈ B(x 0 , r) be such that τ = 
which contradicts (4.11) if ε 0 is sufficiently small, quantitatively.
With the help of Lemma 4.8, the proof of interior Hölder regularity can be deduced by a similar argument as in Lin [48, Proof of Theorem 3.1].
Proposition 4.9. Let u : X → Y be given as in Proposition 4.6, then u is locally Hölder continuous.
Proof. Since the issue is local, we may assume that µ is a global doubling measure on X with doubling constant c d and X supports a weak (2, 2)-Poincaré inequality with constant C P and Y is M-doubling. In below, we refer c d , C P and M as the data of X and Y . Under these assumptions, we first show that there exists δ 0 , depending only on the data of X and Y such that if B(x 0 , 2) ⊂⊂ Ω, then diam u(B(x 0 , 1)) = 2 implies that diam u(B(x 0 , δ)) ≤ 1. For notational simplicity, we write B t = B(x 0 , t) for t > 0.
Let ε 0 be given as in Lemma 4.8. Since diam u(B 1 ) = 2, we can cover u(B 1 ) by k balls of radius ε 0 in N, where k depends only on the data of X and Y . By Lemma 4.8, u(B 2 −1 ) can be covered by at most k − 1 balls of radius ε 0 . If diam u(B 2 −1 ) > 1, we may repeat the above arguments with 2 −1 in place of 1 and k − 1 in place of k to conclude that u(B 2 −2 ) can be covered by at most k − 2 balls. It follows that there is some k 0 ≤ k such that diam u(B 2 −k 0 ) ≤ 1. In particular, we may set δ = 2 −k 0 for the claim.
Consider now B(x 0 , r) with
Thus, lim ε→0Êε (u) = r 2 E 0 (u) exists and induces a regular strongly local Dirichlet form E 0 = r 2 E 0 . LetΓ 0 be the energy measure associated to the Dirichlet formÊ 0 . Then dΓ 0 = r 2 dΓ 0 . We next show thatX and Y κ have the same data as that of X and Y . Indeed, for eachB(x, s) ⊂X,
That Y κ is M-doubling is clear. We now regard our harmonic mapping u : X → Y as a mappingû :X → (Y, 2κ
Thus, we may apply Lemma 4.8 to find some δ, depending only on the data ofX and Y κ (and hence on the data of X and
diam u(B(x 0 , r)). A standard iteration then gives the desired Hölder continuity.
Proof of Theorem 1.2 1). This follows from Proposition 4.9.
Proof of Theorem 1.2 2).
We will now follow the approach of Jost [36] to prove the interior regularity for harmonic mappings from metric spaces with property C to NPC spaces. Throughout this section, we consider everything in the metric space (X, d 0 ). For instance, when we say B(x 0 , R) ⊂ X is a ball, we mean that B(x , R) is a ball in (X, d 0 ).
If B(x 0 , R) ⊂ X is a ball with fixed center x 0 , we write
The following lemma is a variant of [36, Lemma 8] .
Lemma 4.10. Suppose X has strong property C and Y is NPC. Let u : X → Y be a harmonic mapping. Fix y 0 ∈ Y and B(x 0 , 4R) ⊂⊂ X. Then
Proof. Note that by Proposition 4.6 we have 2 λ(x)dµ u (x) ≤ −E 0 (λ, v) for each positive Lipschitz function λ with compact support.
) and it is the unique solution of
for all ϕ ∈ D(E 0 ) with supp(ϕ) ⊂ B(x 0 , 2R); see [3, Section 6] for the existence and basic properties of this Green function. Set
for all ϕ ∈ D(E 0 ) with supp(ϕ) ⊂ B(x 0 , 2R). Furthermore, by the estimates for G R [3, Theorem 6.1], we have
for some structural constants γ 1 , γ 2 that does not depend on R.
From (4.12), (4.13), (4.14) and [36, Corollary 1] , we obtain
Proof of Theorem 1.2 2). With Lemma 4.3 and Lemma 4.10 at hand, the proof of [36, Theorem, Section 6] works with minor changes in our setting. For each ρ > 0, we set
Our aim is to show that for each p in the convex hull of u(B(x 0 , δR)), where δ is a fixed constant,
for some constant c > 0 and some α ∈ (0, 1). Before turn to the proof of the claim, we observe the claim implies the Hölder continuity via a standard argument as follows. Take p =ū ρ , the mean value (or the center of mass) of u on B(x 0 , ρ), then
from which the Hölder continuity follows. Since the issue is isometrically invariant, we may assume that Y is (isometrically) contained in some Banach space V with norm · . Setū R be the mean value of u on B(x 0 , R) and v p (x) := u(x) − p 2 . We shall apply [36, Lemma 7] to the function vū R
4
.
Choose ε = 1 8 and
]. Since X has strong property C, we have by Lemma 4.3 and Lemma 4.10 that
Combining this estimate with [36, Lemma 7] , we get for each p in the convex hull of u(B(x 0 , δR)), δ = ε m , we have
Since sup
we have
A simple iteration then gives our desired estimate
for some constant c > 0 and some α ∈ (0, 1).
A Liouille type theorem for harmonic mappings
We next show that the composition of the distance function with a harmonic mapping u is weakly subharmonic. The proof is similar to that used in Proposition 4.6, relying on the idea of Jost [36] . 
and where o(ε) is a positive function in ε that tends to 0 as ε → 0. In the above inequality, replace λ by tλ with t = o(ε) 1/2 , divide by t and then let ε → 0, we obtain lim sup
where in the last step we have applied Lemma 4.2. Since |v
), the first term in the above inequality is non-negative, this proves the claim.
Proof of Theorem 1.3. By Proposition 5.1, the function v(x) = d(u(x), u(x 0 )), x 0 ∈ X, is weakly subharmonic. By [61, Theorem 1] , v is constant and so u is constant as well.
Harmonic mapping flow
Throughout this section, we assume that X has property B and Y is NPC.
The proof of the following elementary lemma can be found in [37, Corollary 4.
Proof of Theorem 1.4. Since u → E(u) is a lower semicontinuous convex functional on the NPC space L 2 (X, Y ) (by Lemma 6.1), the result follows immediately from [52, Theorem 1.13].
Proof of Corollary 1.5. As the Sobolev energy of u(t) decreases, it is uniformly bounded. As X is compact, Theorem 1.4 implies that u(t) has bounded L 2 -norm. By the precompactness of Sobolev spaces, there is subsequence {u(t k )} that converges in L 2 as t k → ∞. By [52, Proposition 2.4], it will converges to an energy minimizer, which is a constant mapping.
Fix an open set Ω ⊂ X and we set Proof of Theorem 1.6. This is a direct consequence of Lemma 6.2 and [52, Theorem 1.13].
Dirichlet problem for other energy functionals
In this section, we apply our method to study the Dirichlet problem associated to other energy functionals. This includes the energy functional of Kuwae-Shioya [46] and the energy functional based on upper gradients. The Sobolev space of Kuwae-Shioya is defined to be
Lemma 7.3. If X is compact, then there exists a constant C, depending only on the doubling constant of X and the constant associated to the weak Poincaré inequality, such that for each u ∈ W 1,2 (X, Y ), we have
In particular, W 1,2 (X, Y ) ⊂ N 1,2 (X, Y ) (up to µ-representative).
Since θ can be chosen to be arbitrarily close to 1, we conclude that Combining these two inequalities, we obtain 
